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Abstract
Rubei et. al., established results for the distance matrix of positive weighted Petersen
graphs. Focusing on the properties of the distance matrix, we generalized positive weighted
Petersen graphs results to Kneser graphs. We analyzed theorems established by Rubei et al.
and used girth of the generalized Petersen graphs and Kneser graphs to conclude generaliza-
tions. Further, we examined the properties of positive weighted generalized Petersen graphs.
We generalized the properties of distance matrices of positive weighted Petersen graphs to
positive weighted generalized Petersen graphs.
Keywords: Petersen graph, generalized Petersen graph, Kneser graph, weighted graph,
cubic graph, odd graph, girth
1 Introduction:
Graphs have a plethora of practical applications, for instance in network theory, and ecological
dynamics. For instance, in [1], competitive hierarchy is described as a graph theoretic application
to ecology.
A graph G is an ordered pair G = (V,E) composed of a set V of vertices or nodes, together
with a set E of edges, which are 2-element subsets of V . A simple graph is a graph that does
not contain multiple edges or loops. A weighted graph is a graph G in which there is a weight
function w(G) : E(G)→ R+. In other words, a weighted graph contains a set of weights on each
edge in the graph G. In this manner, we may define a positive weight graph, as one in which the
weights assigned to each edge are positive. The k-weight of k-subset of vertices (v1, ....vk) is the
minimum among the weights of G connecting v1, ...vk, which is the subgraphs of G whose vertex
set includes v1...vk, denoted Dv1,...vk(G).
The Petersen graph is a special type of Kneser graph, which has been studied extensively and
is used often as a counterexample. In fact, Donald Knuth stated that the Petersen graph is ”a
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remarkable configuration that serves as a counterexample to many optimistic predictions about
what might be true for graphs in general.”[2] A Petersen graph contains 10 vertices and 15 edges,
where it has one vertex for each 2-element subset of a 5-element set, and two vertices are connected
by an edge if and only if the corresponding 2-element subsets are disjoint from each other. The
Petersen graph is a specific case of the Kneser graph, KG5,2 since the Kneser graph itself is the
graph whose vertices correspond to the k-element subsets of a set of n elements, and where two
vertices are adjacent if and only if the two corresponding sets are disjoint.
An odd graph is a graph that takes the form of KG2n−1,n−1, and typically has high odd girth. The
Petersen graph KG5,2is isomorphic to the odd graph O3. Odd graphs have been used extensively
in chemical graph theory and used as a generalization of the Petersen graph.
There also is a generalized Petersen graph, to which we feel is better suited for characterization
from the Petersen graph KG5,2. A generalized Petersen graph is denoted Gn,k by Watkin’s nota-
tion[3], are a family of cubic graphs formed by connecting the vertices of a regular polygon to the
corresponding vertices of a star polygon. In Watkins’ notation, G(n, k) is a graph with vertex set
u0, u1, ..., un−1, v0, v1, ..., vn−1
and edge set ui, ui+1, uivi, vivi+k : i = 0, ..., n− 1[3]
From previous work by Rubei et al[4], the definition of useful is In a positive-weighted graph G an
edge e is called useful if there exists at least one couple of vertices i and j such that all the paths
realizing Di,j(G) contain the edge e. Otherwise, the edge is called useless.
Also from Rubei et al, the notion of indecomposable entry in the distance matrix is Let D be a
distancem×mmatrix for somem ∈ N+.We say that an entryDi,j for some i, j is indecomposable
if and only if Di,j < Di,k +Dk,j, ∀k1, ...,m i, j.
2 Findings and Methodology:
The authors Rubei et al., sought to generalize properties of distance matrices of positive weighted
Petersen graphs to Kneser graphs. These theorems are generalized results for Kneser graphs.
We define #X1(x) as the set of the elements y ∈ X such that Dx,y is indecomposeable.
2.1 Distance matrices of Kneser graphs
Theorem 1. Let D be an n× n distance matrix. Let us denote the set 1, 2, ...., n by X .
The matrix D is the distance matrix of a positively weighted Kneser graph in which each edge is
useful if and only if the following hold:
a). for any x ∈ X , we have #X1(x) =
(
n−k
k
)
2
Since the girth for Kneser graphs can be 3 or 4, this means it is possible to have a cycle of length
3 or 4 in Kneser graphs. If we restrict Kneser graphs to those that are also odd graphs, and
implement the following condition: n ≥ 3, then the following will hold:
b). For any k ∈ 3, 4, given ii, ..., ikX such that Di1,i2 , Di2,i3 , ..., Dit1,it , are all indecomposable, we
have that Di1,it is decomposable. This can be generalized to subsets of n − 1 by definition of the
odd graph.
c). there exist distinct v1, ..., vn ∈ X such that Dv1,v2,...,Dv4,vn , Dvn,v1 are indecomposable and
denoting vˆj as the unique element in X1(vj)− v1, v2, v3, ..., vn we have that vˆ1, ..., vˆn are distinct.
d).
∀x, y ∈ X with y 6∈ X1(x) we have:
Dx,y = min i1,...,ik∈X,k≥3,
i1=x,ik=y,ij+1∈X1(ij)∀j
(Di1,i2 ...+Dik−1,ik)
Proof: Using proof techniques from [4],
a). Follows since Kneser graphs are,
(
n−k
k
)
-regular, so every vertex has degree
(
n−k
k
)
. b). Follows
from the fact that in Kneser graphs , there are no cycles of length 3 or 4. Statement (c), can be
seen from Figure 2, which can be extended to an arbitrary number of vertices (v1...vn) in the odd
graph. d). follows by definition of 2-weights, and the assumption that all edges are useful.
(⇐) Let v1, ..., vn, vˆ1, ..., vˆn as in (c). Let G be the graph in Figure 2 and for any adjacent vertices
i, j define w(e(i, j)) = Di,j Let G= (G,w). We want to show that Dx,y(G) = Dx,y for any x, y ∈
X.
Case 1: Dx,y is indecomposeable.
First observe that, by (b), we have that Dvi,vj is indecomposeable if and only if (i, j) is one of
the following: (1, 2), (2, 3), (3, 4), (4, 5), (5, 6), (7, 1)... This is the case for Kneser(7,3), which is
also O4 and can be readily extended for an arbitrary Kneser graph . We observe that Dvi,vj is
indecomposeable if and only if in the graph G we have constructed there is an edge with endpoints
vi and vj .
Further, Dvˆi,vˆj is indecomposeable if and only if in G there is an edge with endpoints vˆi and vˆj;
otherwise there would be a contradiction with (b).
Additionally, Dvˆi,vj is indecomposeable if and only if inG there is an edge with endpoints vˆi and vj ,
otherwise this would contradict with b. Therefore, we can conclude that Dx,y is indecomposeable
if and only if in the graph G we have constructed there is an edge with endpoints x and y. In this
case, Dx,y(G = Dx,y by triangle inequalities.
Case 2:
Dx,y is decomposable. By definition of 2-weights we have that Dx,y(G) is equal to number in (2).
So, by the definition of w, it is equal to the number in (3). By the fact, we have proved before,
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that Di,j is indecomposeable if and only if in G there is an edge with endpoints i and j, by the
decomposeability of Dx,y and , finally by (d), we get that Dx,y(G) = Dx,y
2.2 Distance matrices of generalized Petersen graphs
Theorem 2. Let D be an n× n distance matrix. Let us denote the set 1, 2, ...., n by X .
The matrix D is the distance matrix of a positively weighted generalized Petersen graph in which
each edge is useful if and only if the following hold:
a). for any x ∈ X , we have #X1(x) = 3
b). So long as the following hold: n 6= 3k, n 6= 4k, and k 6= 1,([5]) for any t ∈ 3, 4, given
ii, ..., itX such that Di1,i2 , Di2,i3 , ..., Dit1,it , are all indecomposable, we have that Di1,it is decom-
posable.
c). there exist distinct v1, ..., vn ∈ X such that Dv1,v2,...,Dv4,vn , Dvn,v1 are indecomposable and
denoting vˆj as the unique element in X1(vj)− v1, v2, v3, ..., vn we have that vˆ1, ..., vˆn are distinct.
d). ∀x, y ∈ X with y 6∈ X1(x) we have:
Dx,y = min i1,...,ik∈X,k≥3,
i1=x,ik=y,ij+1∈X1(ij)∀j
(Di1,i2...+Dik−1,ik)
Proof: Using proof techniques from [4]:
(⇒) Assume that all the edges are useful, and an edge e(i, j) is useful if and only if Di,j(G)
is indecomposeable; so the edges correspond to indecomposable 2-weights. a). Follows since
generalized Petersen graphs are cubic, meaning they are 3-regular, so every vertex has degree 3.
b). follows from the fact that in generalized Petersen graphs for the conditions described, there are
no cycles of length 3 or 4. Statement (c), can be seen from Figure 1, which can be extended to an
arbitrary number of vertices (v1...vn) in the generalized Petersen graph. d). follows by definition
of 2-weights, and the assumption that all edges are useful.
(⇐) Let v1, ..., vn, vˆ1, ..., vˆn as in (c). Let G be the graph in Figure 1b and for any adjacent
vertices i, j define w(e(i, j)) = Di,j Let G= (G,w). We want to show that Dx,y(G) = Dx,y for any
x, y ∈ X.
Case 1: Dx,y is indecomposeable.
First observe that, by (b), we have that Dvi,vj is indecomposeable if and only if (i, j) is one of
the following: (1, 2), (2, 3), (3, 4), (4, 5), (5, 1). This is the case for generalized Petersen(5,2) and
can be readily extended for an arbitrary generalized Petersen graph. We observe that Dvi,vj is
indecomposeable if and only if in the graph G we have constructed there is an edge with endpoints
vi and vj .
Further, Dvˆi,vˆj is indecomposeable if and only if in G there is an edge with endpoints vˆi and vˆj;
otherwise there would be a contradiction with (b).
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Additionally, Dvˆi,vj is indecomposeable if and only if inG there is an edge with endpoints vˆi and vj ,
otherwise this would contradict with b. Therefore, we can conclude that Dx,y is indecomposeable
if and only if in the graph G we have constructed there is an edge with endpoints x and y. In this
case, Dx,y(G = Dx,y by triangle inequalities.
Case 2:
Dx,y is decomposable. By definition of 2-weights we have that Dx,y(G) is equal to number in (2).
So, by the definition of w, it is equal to the number in (3). By the fact, we have proved before,
that Di,j is indecomposeable if and only if in G there is an edge with endpoints i and j, by the
decomposeability of Dx,y and , finally by (d), we get that Dx,y(G) = Dx,y
3 Figures
(a) Generalized Petersen(5, 2) (b) Generalized Petersen (10, 2)
Figure 1: Generalized Petersen (5, 2) and Generalized Petersen (10, 2)
Figure 2: Kneser graph (7, 3)
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4 Future Work
In the future, there may be even more generalizations of the results obtained here. For instance, it
may be possible that I graphs contain similar results. I graphs are generalizations of generalized
Petersen graphs.
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